This paper deals with generalised lattice homomorphic images and pre-images of fuzzy subgeneralised lattices, fuzzy ideals (filters) and fuzzy prime ideals (filters) of generalised lattices.
Introduction
Murty and Swamy [2] introduced the concept of generalised lattice. In [4] , the author developed the theory of generalised lattices that can play an intermediate role between the theories of lattices and posets. The concepts of fuzzy subgeneralised lattice, fuzzy ideal(filter), fuzzy prime ideal(filter) of a generalised lattice are introduced and studied their properties by the author in [5] . In this paper first discussed about the homomorphic images and pre-images of fuzzy subgeneralised lattices, fuzzy ideals (filters) and fuzzy prime ideals (filters) of generalised lattices. Later proved that under certain conditions, for a generalised lattice homomorphism, there is one-one correspondence between fuzzy prime ideals (filters) of domain generalised lattice and of codomain generalised lattice.
Preliminary Notes
Through out this section, we denote by P a generalised lattice.
Definition 2.1 ([5])
A fuzzy set µ in P is said to be a fuzzy subgeneralised lattice if for any finite subset A of P, (i) µ(s) ≥ min a∈A {µ(a)} for all s ∈ mu(A) and (ii) µ(t) ≥ min a∈A {µ(a)} for all t ∈ M L(A).
Definition 2.2 ([5]
) Let µ be a fuzzy subgeneralised lattice of P. µ is called a fuzzy ideal if x ≤ y in P implies µ(x) ≥ µ(y). µ is called a fuzzy filter if x ≤ y in P implies µ(x) ≤ µ(y).
Definition 2.3 ([5])
A fuzzy ideal µ of P is said to be a fuzzy prime ideal if for any finite subset A of P, µ(t) ≤ Max a∈A {µ(a)} for all t ∈ M L(A).
Definition 2.4 ([5])
A fuzzy filter µ of P is said to be a fuzzy prime filter if for any finite subset A of P, µ(s) ≤ Max a∈A {µ(a)} for all s ∈ mu(A).
Definition 2.5 ([4]) Let P 1 , P 2 be generalised lattices. A map f : P 1 → P 2 is said to be a homomorphism if for any finite subset A of
. A homomorphism f : P 1 → P 2 is said to be a strong homomorphism if f (x) = f (y) for any x, y ∈ M L(A) and for any x, y ∈ mu(A). Definition 2.6 ( [4] ) A homomorphism of generalised lattices f : P 1 → P 2 is said to be a strong homomorphism if f (x) = f (y) for any x, y ∈ M L(A) and for any x, y ∈ mu(A).
Definition 2.7 ([3])
A fuzzy set µ in a set S is said to have subproperty if for each A ⊆ S, there exists x 0 ∈ A such that Sup{µ(x) | x ∈ A} = µ(x 0 ).
Homomorphic images and pre-images
Through out this section, P, P are denoted by generalised lattices. The definitions 3.1 and 3.4 of this section for fuzzy sets in generalised lattices are defined in the similar way of the definitions 2.4 and 2.5 in [3] for fuzzy sets in lattices.
Definition 3.1 Let f : P → P be a map. Let µ and η be fuzzy sets in P and P respectively. Then the fuzzy sets f (µ) in P and f −1 (η) in P are defined as follows:
The aim of this paper is to get one-one correspondence between fuzzy prime ideals(filters) of domain and codomain generalised lattices of a homomorphism. In view of that, the first result started with their homomorphic pre-images. Theorem 3.2 Let f : P → P be homomorphism. Then the following are true: (i) η is a fuzzy subgeneralised lattice of P ⇒ f −1 (η) is a fuzzy subgeneralised lattice of P (ii) η is a fuzzy ideal (filter) of P ⇒ f −1 (η) is a fuzzy ideal (filter) of P (iii) η is a fuzzy prime ideal (filter) of P ⇒ f −1 (η) is a fuzzy prime ideal (filter) of P.
Proof: (i) Let x, y ∈ P. For any s ∈ mu{x, y}, we have f (s) ∈ f (mu{x, y}) = mu{f (x), f (y)} and then η(f (s)) ≥ min{η(f (x)), η(f (y))}. Similarly for any t ∈ M L{x, y}, we can prove
(ii) Let x, y ∈ P and suppose x ≤ y. Since f (x) ≤ f (y) and η is a fuzzy ideal, we have η(f (x)) ≥ η(f (y)). (iii) For any x, y ∈ P, we have η(f (t)) = η(f (x)) or η(f (y)), since f (t) ∈ M L{f (x), f (y)} and η is a fuzzy prime ideal.
For the case of homomorphic images of fuzzy ideals(filters), in the following theorem, strong and onto conditions are imposed on the homomorphism. Theorem 3.3 Let f : P → P be a strong homomorphism. Then the following are true: (i) µ is a fuzzy subgeneralised lattice of P ⇒ f (µ) is a fuzzy subgeneralised lattice of P (ii) f is onto and µ is a fuzzy ideal (filter) of P ⇒ f (µ) is a fuzzy ideal (filter) of P Proof: (i) Let x , y ∈ P . If either f −1 (x ) or f −1 (y ) is empty, then min{f (µ)(x ), f (µ)(y )} = 0. Suppose f −1 (x ) and f −1 (y ) are non-empty. Choose x ∈ f −1 (x ) and y ∈ f −1 (y ). Since f is a strong homomorphism, we have mu{x , y } = mu{f (x), f (y)} = f (mu{x, y}) = {f (s)} for any s ∈ mu{x, y}. Now consider
for any s ∈ mu{x , y }. Similarly we can prove (ii).
Definition 3.4 Let µ be a fuzzy set on P. Then µ is called f − invariant if f (x) = f (y) implies µ(x) = µ(y) for all x, y ∈ P.
Lemma 3.5 Let f : P → P be a map. If µ is an f −invariant fuzzy set in
In the following theorem, proved that onto homomorphic image of a fuzzy ideal (filter) is again the same if it is the map invariant. Theorem 3.6 Let f : P → P be homomorphism and µ be an f −invarient fuzzy set in P. Then the following are true: (i) µ is a fuzzy subgeneralised lattice of P ⇒ f (µ) is a fuzzy subgeneralised lattice of P . (ii) f is onto and µ is a fuzzy ideal (filter) of P ⇒ f (µ) is a fuzzy ideal (filter) of P .
Proof: (i): Let x , y ∈ P and suppose f −1 (x ), f −1 (y ) are non-empty. Choose x ∈ f −1 (x ) and y ∈ f −1 (y ). For any s ∈ mu{x , y }, we have s = f (s) for some s ∈ mu{x, y} and then
(ii): Let x , y ∈ P and suppose x ≤ y . Since f is onto, there exists x, y ∈ P such that f (x) = x and f (y) = y . Clearly y = f (s) for some s ∈ mu{x, y}. Now x ≤ s and µ is a fuzzy ideal, gives f (µ)(
Lemma 3.7 Let f : P → P be an onto map. If µ is a fuzzy subgeneralised lattice of with subproperty in
For the case of homomorphic images of fuzzy prime ideals (filters), in the following theorem proved that onto strong homomorphic image of a fuzzy prime ideal(filter) is again the same if it has the subproperty. The following theorem can be proved by using theorem 3.17 of [5] , theorem 3.3 and above lemma.
Theorem 3.8 Let f : P → P be an onto strong homomorphism. If µ is a fuzzy prime ideal (filter) with subproperty in P, then f (µ) is a fuzzy prime ideal (filter) of P In following theorem, proved that onto homomorphic image of a fuzzy prime ideal (filter) is again the same if it is the map invariant.
Theorem 3.9 Let f : P → P be an onto homomorphism. If µ is an f −invarient fuzzy prime ideal (filter) of P, then f (µ) is a fuzzy prime ideal (filter) of P .
Proof: Assume that f (µ) is not a fuzzy prime ideal of P . Then by the theorem 3.9 of [5] , there exists f (a), f (b) ∈ P and t ∈ M L{f (a), f (b)} such that f (µ)(t ) = f (µ)(f (a)) and f (µ)(t ) = f (µ)(f (b)). Since f is a homomorphism and µ is an f −invarient fuzzy ideal, there exists t ∈ M L{a, b} such that µ(t) = f (µ)(f (t)) > f (µ)(f (a)) = µ(a) and µ(t) = f (µ)(f (t)) > f (µ)(f (b)) = µ(b). This is clearly a contradiction.
One-one correspondence
The following two theorems are the summary of all the theorems of section 3, so that aim of the paper is fulfilled under certain conditions. Theorem 4.1 If f : P → P be an onto strong homomorphism, then the map µ → f (µ) defines one-one correspondence between set of all fuzzy prime ideals (filters) with subproperty in P and the set of all fuzzy prime ideals (filters) of P . Theorem 4.2 If f : P → P be an onto homomorphism, then the map µ → f (µ) defines one-one correspondence between set of all f −invarient fuzzy prime ideals (filters) of P and the set of all fuzzy prime ideals (filters) of P .
